Abstract. This work is directed towards the open question of the faithfulness of the reduced Gassner representation of the pure braid group, Pn(n > 3). Long and Paton proved that if a Burau matrix M has ones on the diagonal and zeros below the diagonal then M is the identity matrix. In this paper, a generalization of Long and Paton's result will be proved. Our main theorem is that if the trace of the image of an element of Pn under the reduced Gassner representation is n − 1, then this element lies in the kernel of this representation. Then, as a corollary, we prove that an analogue of the main theorem holds true for the Burau representation of the braid group.
Introduction
The problem of whether or not the reduced Gassner representation of P n , the pure braid group on n strings, is faithful has not yet been solved. In the case of the Burau representation of B n , the braid group on n strings, it has been shown that this representation is not faithful for n ≥ 6 [6] .
In section 2 of this paper, we will define, up to equivalence, the Gassner representation of P n and derive the reduced Gassner representation. The details can be found in [1, pp.23-31] and [2, p.119] . In section 3, we will show that the reduced Gassner representation is unitary relative to an explicitly defined Hermitian form (Theorem 2). N. Stoltzfus discussed the existence of such a form at several conferences [8] . It was also observed by D. Long using representation variety methods [5] . Finding this form in this paper will be a tool to prove our main theorem in section 4, which provides us with a necessary and sufficient condition for an element of P n to be in the kernel of the reduced Gassner representation. As a corollary of the main theorem, we prove a similar result for the braid group in section 5.
Main Theorem. An element of P n lies in the kernel of the reduced Gassner representation if and only if the trace of its image is equal to that of the identity matrix.

The reduced Gassner representation of P n
Let B n be the braid group on n strings. As an abstract group, it has generators: σ 1 , σ 2 , . . . , σ n−1 .
The pure braid group,P n , is the kernel of the homomorphism B n → S n , defined by σ i → (i, i + 1), 1 ≤ i ≤ n − 1. Its generators are
For more details about the presentations of B n and P n as abstract groups with generators and relations, see [4, pp.19-25] .
The Gassner representation of P n is defined as follows: Let F n be a free group with x 1 , x 2 , . . . , x n as generators and let φ :
n ] is a Laurent polynomial ring in independent variables y 1 , . . . , y n . φ is defined by: φ(x i ) = y −1 i . Hence, via the Magnus representation of P n we obtain (A −1 
This matrix is referred to as the Jacobian matrix of the endomorphism A 
In this way, we get
Such a representation of P n , denoted by γ n :
, is a group homomorphism, where γ n (A 
It is then clear that X ij = I − P ij Q ij , where P ij is the column vector defined by
Here T is the transpose.
The Gassner representation of
is reducible, and is the direct sum of a trivial representation and an irreducible representation of degree n − 1, called the reduced Gassner representation of P n and denoted by γ n . For more details, see [1, p.25] or [2, p.119] .
Notice that for j = n, the last row of X ij is (0, . . . , 0, 1). Delete the last row and column to obtain an (n − 1)
Here P ij and Q ij are the same as P ij and Q ij after deleting one zero from the last row of P ij , and one zero from the last column of Q ij , respectively. For j = n, put Y in = I − P in Q in , where
where t = y n . This is a choice for P in and Q in for which the matrix given by the inner product (Q in P jn ) is equal to the matrix (Q in P jn ). The details are found in [3, p.6] . Here Y ij is the image of A −1 ij under the reduced Gassner representation γ n .
The reduced Gassner representation is unitary
relative to a Hermitian form
n ]) be an involution defined as follows:
where
. U is called a unitary element (relative to X) if U XU * = X. Put y n = t and define an (n − 1) × (n − 1) matrix as follows:
That is, t is above the main diagonal and 1 is below that diagonal. It is then easy to prove that
Theorem 2. The image of the generators of P n under the reduced Gassner representation are unitary relative to
Proof. I will treat the cases where j = n and j = n separately.
For j = n we have
For j = n,
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THE GASSNER REPRESENTATION OF THE PURE BRAID GROUP
Based on Theorem 2, one can easily prove that M is unique up to scalar multiplication. This directly follows from Schur's Lemma and the fact that the reduced Gassner representation of P n into GL n−1 (Q[y
and so
Since Y ij is the image of A −1 ij under the reduced Gassner representation which was proved to be irreducible, it follows that M M −1 = c, where c is some constant.
That is ,
, a change of basis and multiplying M by some constant replaces M by a matrix K which is Hermitian: K = K * . Thus, in the new basis, the reduced Gassner representation is unitary relative to the Hermitian form K.
More precisely, let u 2 = t and K = u −1 M . Then, by substituting in (1), we get
It is clear that K is Hermitian and Y
Our objective is to show that a certain specializationK of K is equivalent to the identity matrix in some extension field, i.e. UKU * = I for some matrix U . In other words, we need to show that for some matrix V , we havē
All the principal minors of K are of the form det(D k ), where 1 ≤ k ≤ n − 1 and D k is the k × k matrix defined as follows:
Now we state the following lemma.
Lemma 3. Set y 1 = y 2 = . . . = y n = t = u 2 and u = 1. Then, under this specialization, we have that for
Proof. For y 1 = y 2 = . . . = y n = t = u 2 and u = 1, we have that for i = 1, . . . , n−1
Hence, the following theorem easily follows. Notice that the substitution y n = t = u 2 was necessary in defining our hermitian form K; the u is exactly the s used by Squier in his substitution t = s 2 [7] . Our next step is to present a technical argument that will be needed in the proof of the main theorem. We will construct a homomorphism that specializes the indeterminates to complex numbers on the unit circle which are transcendentally independent over Q and located in the neighborhood of 1. (The size of this neighborhood will depend on n and the homomorphism will then have a trivial kernel.)
Let f w be the homomorphism f w :
. . , n − 1 and f w (q) = q for q ∈ Q, where w = (w 1 , . . . , w n−1 , w n ) and w i are complex numbers on the unit circle. Let f w also denote the group homomorphism of the respective GL n−1 's. Then we immediately have the following lemma.
Lemma 5. The following diagram commutes.
. . , n − 1, and w n = a, where a is a complex number on the unit circle. For a = 1, Theorem 4 shows that f w (K) is positive definite. Indeed, a can be chosen as a complex number on the unit circle located in a neighborhood of 1, where the size of the neighborhood depends on n. More precisely, we will determine for each n the corresponding neighborhood that makes f w (K) positive definite. Then we have the following lemma. Proof. Writing a as polar coordinates (1, θ), we get
Lemma 6. Let a be a complex number on the unit circle. Then
where α = (k + 1)θ + . . . , w n ), where w 1 , . . . , w n−1 ∈ I, w n ∈ J and I, J are arcs around a 2 , a respectively. We can choose w 1 , . . . , w n to be transcendentally independent over Q. It is then easy to see that ker(f w ) = 1.
So I have made a choice for w = (w 1 , . . . , w n ) such that
for some nonsingular matrix V ∈ M n−1 (C) . Consider now the composition map:
ij is the inverse of a generator of P n .
Theorem 7.
The complex representation of P n , f w •γ n , is conjugate to an ordinary unitary representation, where γ n is the reduced Gassner representation of P n .
Proof. We have shown in Theorem 2 that
Since we have f w (K) = V V * , it follows that
If we set
Hence U * U = I and so U is unitary.
Proof of Main Theorem
Since trace(Y ij ) = n − 1, it follows that trace(U ) = n − 1, where U is defined in Theorem 7. U is unitary, then there exists a matrix P such that
where D is a diagonal matrix with the eigenvalues of U as the diagonal entries. Hence,
where the λ i 's are the eigenvalues of U . Being unitary, it has its eigenvalues on the unit circle. Based on this fact, (3) implies that for i = 1, . . . , n − 1, we get
It follows that D is the identity matrix and so is U . This immediately implies that f w (Y ij ) = I n−1 and so Y ij = I n−1 .
In the light of the main theorem, we conclude that if we find a nontrivial element g whose trace under the reduced Gassner representation is n − 1, then g is in the kernel of this representation. In this case, the reduced Gassner representation of P n will not be faithful.
The analogue of the Main Theorem for B n
In [7] , C. Squier showed that the Burau representation is unitary relative to an explicitly defined Hermitian form. In other words, there exists a hermitian matrix J such that U JU * = U , where U is the image of an element of the braid group under the reduced Burau representation.
A similar argument to that done for the pure braid group shows that specializations of the reduced Burau representation are conjugate to ordinary unitary representations, provided that t is specialized to 1. Then an analogue of the theorem for the pure braid group becomes true for the braid group itself. That is, an element of the braid group lies in the kernel of the reduced Burau representation if and only if the trace of its image equals the trace of the identity matrix.
We will show that the hermitian matrix J in [7] is indeed positive definite under the specialization s = 1, where s 2 = t. In [7] , J is defined as follows:
where e ij denotes the matrix whose (i, j) entry is 1 and all of whose other entries are 0 and s 2 = t. (e k+1k = 0 and e 01 = 0.) Here k is the size of the matrix J. Namely, for the braid group B 4 , we have that Proof. This can be easily proved by induction on k.
It is then easy to see that J is positive definite for s = 1. It is also positive definite for a specialization of the variable s to a complex number on the unit circle located in the neighborhood of 1, where the size of this neighborhood depends on n.
Based on Lemma 6 and Lemma 8, we get the following lemma: Using the same argument done for the pure braid group, we now state our final conclusion as a corollary of the main theorem. This corollary will be a generalization of Long and Paton's result [6] .
